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Let R ⊂ S be an extension of integral domains and [R, S] be the
set of intermediate rings between R and S . We say that [R, S]
satisﬁes the ﬁnite chain condition (FCC) if every chain of distinct
intermediate rings between R and S is ﬁnite. Our main purpose
is to determine necessary and suﬃcient conditions so that [R, S]
satisﬁes FCC. We also investigate the relationship between FCC and
other ﬁniteness conditions. Several satisfactory results are settled,
but special attention is focused on the case where R is a Prüfer
ring or a Noetherian ring.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
All the rings are commutative integral domains.
Deﬁnition 1. Let R ⊂ S be an extension of integral domains and denote by [R, S] the set formed by
the rings between R and S . We say that the extension R ⊂ S (or the set [R, S]) satisﬁes the ﬁnite chain
condition (FCC) if each chain of distinct rings between R and S is ﬁnite.
Clearly: [R, S] satisﬁes FCC ⇐⇒ [R, S] satisﬁes ACC and DCC ⇐⇒ each chain of distinct rings
between R and S is ﬁnite.
Obviously, a maximal chain is formed by successive minimal extensions, that is by extensions with
no proper intermediate ring.
Recalling that, when the extension R ⊂ S is minimal, then either R is a ﬁeld and then S is also
a ﬁeld (cf. [FO, Lemme 1.2]), or R is not a ﬁeld and then R and S have the same quotient ﬁeld (cf.
[S, Preliminaries]), we easily obtain:
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(i) If R is a ﬁeld, then [R, S] satisﬁes FCC if and only if R ⊂ S is an extension of ﬁelds with ﬁnite degree.
(ii) If R is not a ﬁeld and [R, S] satisﬁes FCC, then R and S have the same quotient ﬁeld.
So that, we may restrict our study to the following case:
R ⊂ S ⊆ qf (R)
where qf (R) denotes the quotient ﬁeld of R .
Gilmer characterized the case where S = qf (R) (he called such a R , an FC-domain) by considering
the integral closure R of R in qf (R):
Proposition 3. (See [G2, Theorem 2.14].) The extension R ⊂ qf (R) satisﬁes FCC if and only if
(i) R is a Prüfer domain with ﬁnite spectrum.
(ii) R is a ﬁnite R-module.
(iii) R/C is an Artinian ring where C = (R : R).
The aim of this paper is to generalize Gilmer’s result by replacing the quotient ﬁeld qf (R) of R by
any overring S of R . We are led to introduce the ring RS , the integral closure of R in S . Analogously,
we shall prove that the extension R ⊂ S satisﬁes FCC if and only if both the extensions R ⊆ RS and
RS ⊆ S satisfy FCC. We are led to study separately the case where R is integrally closed in S (RS ⊆ S ,
see Section 2) and S is integral over R (RS = S , see Section 3). Note that
– Gilmer’s condition ‘R is a ﬁnite R-module’ will naturally be replaced by ‘RS is a ﬁnite R-module’,
– ‘R/(R : R) is an Artinian ring’ will be replaced by ‘(R : RS) is the intersection of ﬁnitely many
maximal ideals of R ’,
– ‘R is a Prüfer domain with ﬁnite spectrum’ will be replaced by ‘every T ∈ [RS , S] is integrally
closed in S and {P ∈ Spec(R) | P S = S} is ﬁnite’.
By the way, the property FCC for [R, S] will be compared with both following properties:
– [R, S] is ﬁnite (FI).
– [R, S] contains a ﬁnite maximal chain from R to S (FMC).
We will establish the equivalences (FI)⇐⇒ (FCC)⇐⇒ (MFC) when R is integrally closed in S , and
the equivalence (FCC) ⇐⇒ (FMC) when R ⊂ S is an integral extension. Moreover, some counterexam-
ples will be built to show that the implications (FCC) ⇒ (FI) and (FMC) ⇒ (FCC) do not hold in
general.
Finally, this study enables us to provide several interesting applications, precisely when R is
a Prüfer ring or a Noetherian ring.
The proofs are based on the notion of normal pairs. A pair of rings (R, S) is said to be a normal pair
provided that each T ∈ [R, S] is integrally closed in S . These pairs where ﬁrst deﬁned and studied
by E.D. Davis [D]. He proved that if R is local, then (R, S) is a normal pair if and only if there
exists a divided prime ideal P of R (i.e, P RP = P ) such that S = RP and R/P is a valuation ring
[D, Theorem 1]. Other characterizations of such pairs are also settled in [AJ]:
Proposition 4. (See [AJ, Theorem 2.5 and Theorem 2.10].) If R is integrally closed in S, then the following
assertions are equivalent:
(i) (R, S) is a normal pair.
(ii) For each T ∈ [R, S], Spec(T ) = {P T : P T ⊂ T , P ∈ Spec(R)}.
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(iv) For each T ∈ [R, S], and Q ∈ Spec(T ); set P = Q ∩ R, then RP = T Q .
(v) For each T ∈ [R, S], T =⋂P∈Spec(R),P T⊂T R P .
In particular, if R is local with maximal ideal M, the above assertions are equivalent to the following:
(vi) Every s ∈ S is a root of a polynomial which is not in M[X].
(vii) For all s ∈ S, s ∈ R or s−1 ∈ R.
2. The case R is integrally closed in S
In this section, we will provide necessary and suﬃcient conditions under which [R, S] satisﬁes
FCC, when R is integrally closed in S . Deﬁne the support of R in S by
Supp(S/R) = {P ∈ Spec(R): P S = S}.
This ordered set plays an important role in our study. We begin by some observations in the case
where (R, S) is a normal pair.
Denote by Max(R) = {Mi: i ∈ I} the set of all maximal ideals of R . For every maximal ideal Mi
of R , the pair (RMi , SMi ) is normal [D, Introduction]. Therefore, there is a prime ideal of R , say Q i
such that SMi = RQ i and Q i RMi is a divided prime ideal of RMi . Let {Q i: i ∈ I} be the set of all prime
ideals of R such that SMi = RQ i . It is easy to show that
Supp(S/R) = {P ∈ Spec(R) \ {0}: P  Q i, ∀i ∈ I},
and that Supp(S/R) = Spec(R) \ {0} if and only if S is the quotient ﬁeld of R [AN, Proposition 1.1].
Recall the following result due to A. Jaballah [J, Lemma 3.2]. We label it as Lemma 5 for the sake
of reference.
Lemma 5. Suppose that R is integrally closed in S. Then R ⊂ S is a minimal extension if and only if (R, S) is
a normal pair and |Supp(S/R)| = 1.
We will generalize this result to a ﬁnite maximal chain of intermediate rings. We begin by a for-
mula concerning the cardinality of supports.
Lemma 6. Let (R, S) be a normal pair. If T ∈ [R, S], then |Supp(T /R)| + |Supp(S/T )| = |Supp(S/R)|.
Proof. Let Q ∈ Supp(S/R). Then either Q T = T , so Q ∈ Supp(T /R) or Q T ⊂ T (and Q S = S), so
Q T ∈ Spec(T ) [Proposition 4]. Set
X = {Q ∈ Spec(R): Q T ⊂ T , Q S = S}.
Then X and Supp(T /R) form a partition of Supp(S/R). Thus
∣∣Supp(T /R)∣∣+ |X | = ∣∣Supp(S/R)∣∣.
It remains to show that |Supp(S/T )| = |X |. Consider now the mapping φ : X → Supp(S/T ) which
maps each element Q of X to Q T . Then φ is onto since each prime ideal Q ′ of Supp(S/T ) can be
written as Q ′ = Q T for some prime ideal Q of R [Proposition 4]. It is also injective since if Q 1
and Q 2 are two prime ideals of R such that Q 1T = Q 2T ⊂ T , then Q 1 = Q 2 by contraction on R
[D, Proposition 4]. 
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Proposition 7. If R is integrally closed in S, then the following assertions are equivalent:
(i) There is a ﬁnite maximal chain R = R0 ⊂ R1 ⊂ · · · ⊂ Rn = S in [R, S].
(ii) (R, S) is a normal pair and |Supp(S/R)| = n.
Proof. (i) ⇒ (ii) We start by proving that (R, S) is a normal pair. According to [D, Introduction], it
suﬃces to show that (RM , SM) is a normal pair for every maximal ideal M of R . If M is a maximal
ideal of R , then
RM = (R0)M ⊆ (R1)M ⊆ · · · ⊆ (Rn)M = SM
is a chain  between RM and SM such that (Ri)M = (Ri+1)M or (Ri)M ⊂ (Ri+1)M is a minimal ex-
tension. By reﬁning the chain , we obtain a ﬁnite maximal chain between RM and SM . Therefore,
we may suppose that R is local with maximal ideal M . As R is integrally closed in R1 and R ⊂ R1
is a minimal extension, then (R, R1) is clearly a normal pair. Thus R1 = RQ for some prime ideal
Q of R [D, Theorem 1]. Since R is integrally closed in R2, then R1 (= RQ ) is integrally closed in
R2 = (R2)Q . It results that (R1, R2) is also a normal pair. Likewise, we can establish that (Ri, Ri+1) is
a normal pair for each 0 i  n − 1. Now, let P be a prime ideal of S = Rn , set Pi = P ∩ Ri , then we
have Pi = Pi+1 ∩ Ri and (Ri+1)Pi+1 = (Ri)Pi for each 0 i  n − 1 [Proposition 4(iv)]. Progressively, it
follows that S P = RP0 , and again by Proposition 4(iv), this ensures that (R, S) is a normal pair.
For the last assertion, it is suﬃcient to apply both Lemma 5 and Lemma 6 to get
∣∣Supp(S/R)∣∣= n−1∑
i=0
∣∣Supp(Ri+1/Ri)∣∣= n.
(ii) ⇒ (i) Assume that (R, S) is a normal pair such that |Supp(S/R)| = n. We will argue by
induction on n. If n = 1, then R ⊂ S is a minimal extension, so Lemma 5 provides the answer. Sup-
pose that this statement is true until n − 1. There is necessarily a ring T such that R ⊂ T ⊂ S . Set
p = |Supp(T /R)| and q = |Supp(S/T )|, we have n = |Supp(S/R)| = p + q with p  n − 1 and q n− 1
[Lemma 6]. By induction theorem, there is a ﬁnite maximal chain R = R0 ⊂ R1 ⊂ · · · ⊂ Rp = T be-
tween R and T of length p and a ﬁnite maximal chain T = Rp ⊂ Rp+1 ⊂ · · · ⊂ Rp+q = S between T
and S of length q. Therefore, there is a ﬁnite maximal chain
R = R0 ⊂ R1 ⊂ · · · ⊂ Rp ⊂ Rp+1 ⊂ · · · ⊂ Rp+q = Rn = S
between R and S of length n. 
Corollary 8. If R is integrally closed in S and [R, S] satisﬁes FCC, then all (ﬁnite) maximal chains between R
and S have the same length equal to |Supp(S/R)|.
The following result determines necessary and suﬃcient conditions for [R, S] to satisfy FCC and
establishes the equivalence (FI) ⇐⇒ (FCC) ⇐⇒ (MFC) when R is integrally closed in S . In this
situation, we ﬁnd that (R, S) is a normal pair, Supp(S/R) is ﬁnite and any intermediate ring in [R, S]
is a Kaplansky ideal transform. It is then convenient to recall the deﬁnition of such an ideal transform.
For a nonzero ideal I of R , the Kaplansky ideal transform of R with respect to I is deﬁned by
ΩR(I) =
{
x ∈ qf (R): ∀y ∈ I, xyn ∈ R for some integer n 1}.
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ΩR(I) =
⋂{
RP : P ∈ Spec(R), P  I
}
.
Further properties of this ideal transform can be found in [F].
Theorem 9. If R is integrally closed in S, then the following assertions are equivalent:
(i) [R, S] satisﬁes FCC.
(ii) There exists a ﬁnite maximal chain from R to S.
(iii) [R, S] is ﬁnite.
(iv) (R, S) is a normal pair and Supp(S/R) is ﬁnite.
(v) d.c.c holds in [R, S] and Supp(S/R) is ﬁnite.
Proof. (iii) ⇒ (i) is obvious.
(i) ⇒ (ii) results easily from a familiar argument.
(ii) ⇒ (iv) See Proposition 7.
(iv) ⇒ (iii) comes from [AN, Theorem 2.4], but we will develop here this implication for the sake
of completeness. Consider the mapping Φ from the power set P (Supp(S/R)) to [R, S] that maps ∅
to R , and any non-empty subset A of Supp(S/R) to the Kaplansky ideal transform ΩR(
∏
Q ∈A Q ). We
claim that Φ is onto. Indeed, if T ∈ [R, S], T = R , then T can be written as
T =
⋂
Q ∈Spec(R),Q T⊂T
RQ .
In the other way, note that Supp(T /R) is ﬁnite since Supp(T /R) ⊆ Supp(S/R). Therefore, one can
verify directly that, for a prime ideal P of R , P /∈ Supp(T /R) if and only if ∏Q ∈Supp(T /R) Q  P . It
follows that
T =
⋂
P /∈Supp(T /R)
RP = ΩR
( ∏
Q ∈Supp(T /R)
Q
)
.
Therefore, Φ is onto and |[R, S]| 2|Supp(S/R)| < ∞.
(iii) ⇒ (v) d.c.c is clearly satisﬁed since [R, S] is ﬁnite, and Supp(S/R) is necessarily ﬁnite from
(iv) (that is equivalent to (iii))
(v) ⇒ (iv) It remains to show that (R, S) is a normal pair. According to [D, Introduction], it
suﬃces to show that (RM , SM) is a normal pair for every maximal ideal M of R . As d.c.c holds
in [RM , SM ], we may suppose that R is local with maximal ideal M and proceed similarly to
[G2, Proposition 1.1]: Let s ∈ S and consider the decreasing chain of intermediate rings
R[s] ⊃ R[s2]⊃ R[s4]⊃ · · · ⊃ R[s2k]⊃ · · ·
in [R, S]. As [R, S] satisﬁes d.c.c, then this chain stabilizes, so s2k ∈ R[s2k+1 ] for some k. Thus s is a root
of a polynomial P (X) of R[X] such that the coeﬃcient of X2k in P (X) is −1. Hence, P (X) /∈ M[X].
Finally, as R is integrally closed in S , we conclude that (R, S) is a normal pair [Proposition 4]. 
If R is a Prüfer ring and S is an overring of R , then (R, S) is a normal pair. We can derive the
following result:
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(i) [R, S] satisﬁes FCC.
(ii) [R, S] is ﬁnite.
(iii) Supp(S/R) is ﬁnite.
In particular, if R has a ﬁnite spectrum, then [R, S] is ﬁnite and all maximal chains between R and S have
the same length equal to |Spec(R)| − |Spec(S)|.
3. The case S is integral over R
In this section, we will provide necessary and suﬃcient conditions under which [R, S] satisfy FCC
when S is integral over R . We start by the following useful result using conductors. Recall that if
R ⊂ S is an extension of rings, the conductor of S in R is deﬁned by (R : S) = {x ∈ R: xS ⊆ R}, and
that it is the largest ideal shared by R and S .
Lemma 11. If R ⊂ S is an integral extension of rings such that there is a maximal chain R = R0 ⊂ R1 ⊂ · · · ⊂
Rn = S in [R, S], then (R : S) is the intersection of ﬁnitely many maximal ideals of R.
Proof. According to [FO, Theorem 2.2], since Ri−1 ⊂ Ri is a minimal integral extension (1  i  n),
there is a (unique) maximal ideal Q i of Ri−1 such that Q i Ri = Q i . Then Q i ⊆ (Ri−1 : Ri), and so
Q i = (Ri−1 : Ri). It follows that Mi = (Ri−1 : Ri) ∩ R is a maximal ideal of R . We claim that (R : S) =⋂n
i=1 Mi . Note ﬁrst that (R : S) is a common ideal of Ri−1 and Ri , so (R : S) ⊆ Q i for each 1 i  n.
Then (R : S) ⊆⋂ni=1 Q i =⋂ni=1 Mi . In the other way, as Q i Ri ⊆ Ri−1 for all 1 i  n, then
(
n∏
i=1
Q i
)
S ⊆
(
n−1∏
i=1
Q i
)
Rn−1 ⊆ · · · ⊆ (Q 1Q 2)R2 ⊆ Q 1R1 ⊆ R.
It follows that (
∏n
i=1 Mi)S ⊆ (
∏n
i=1 Q i)S ⊆ R , so
∏n
i=1 Mi ⊆ (R : S). Thus
√
(R : S) =⋂ni=1 Mi and
M1,M2, . . . ,Mn are exactly the maximal ideals of R containing (R : S). Now, we have (R : S) =⋂
M∈Max(R)(RM : SM) ∩ R . As R and S share the nonzero ideal (R : S), then SM = RM for every
maximal ideal M such that (R : S)  M . Thus (R : S) = ⋂ni=1(RMi : SMi ) ∩ R . Finally, by proceed-
ing in the same manner described in the proof of Proposition 7, we ﬁnd that there is a ﬁnite
maximal chain from RMi to SMi . In view of [G2, Lemma 2.6], the Jacobson ideal J (RMi ) = MiRMi
of RMi is a common ideal of RMi and SMi , and this implies that MiRMi = (RMi : SMi ). Hence
(R : S) =⋂ni=1(MiRMi ) ∩ R =⋂ni=1 Mi . 
Theorem 12. If R ⊂ S is an integral extension of rings, set C = (R : S), then the following assertions are
equivalent:
(i) [R, S] satisﬁes FCC.
(ii) There exists a ﬁnite maximal chain from R to S.
(iii) S is a ﬁnite R-module and C is the intersection of ﬁnitely many maximal ideals of R.
(iv) S/C has a ﬁnite length as R/C-module.
Proof. (i) ⇒ (ii) comes by a straightforward manner. (ii) ⇒ (iii) Suppose that there is a ﬁnite
maximal chain R = R0 ⊂ R1 ⊂ · · · ⊂ Rn = S . By Lemma 11, we can say that C is the intersection of
ﬁnitely many maximal ideals of R . Since R ⊂ S is an integral extension, then to prove that S is a ﬁnite
module over R , it suﬃces to show that S is ﬁnitely generated as a ring extension of R . Let s1 ∈ S \ R .
If S = R[s1], we are done, otherwise we take another element s2 ∈ S \ R[s1]. If S = R[s1, s2], there
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argument. As
R ⊂ R[s1] ⊂ R[s1, s2] ⊂ R[s1, s2, s3] ⊂ · · · ⊂ S
is an increasing chain of intermediate rings between R and S , then this process must terminate since
[R, S] satisﬁes a.c.c. Hence S = R[s1, s2, . . . , sn] for some elements s1, s2, . . . , sn of S .
(iii) ⇒ (iv) S/C is a ﬁnite R/C-module. As C is the intersection of ﬁnitely many maximal ideals
of R , then R/C is a ﬁnite direct sum of ﬁelds, so R/C is an Artinian ring. It follows that S/C has ﬁnite
length as R/C-module.
(iv) ⇒ (i) Because S/C has ﬁnite length as R/C-module, the module S/C satisﬁes both the
ascending and the descending chain conditions for R/C-submodules of S/C . This implies the validity
of a.c.c and d.c.c for intermediate rings in [R, S], so [R, S] satisﬁes FCC, as was to be shown. 
We deduce the equivalence (FCC) ⇐⇒ (FMC) in the case where R ⊂ S is an integral extension.
However, the implication (FCC) ⇒ (FI) is not true in general. For instance, let F be a ﬁeld of char-
acteristic p = 0, let X and Y be indeterminates over F , let K = F (X, Y ) and let L = F (X 1p , Y 1p ). Then
K ⊂ L is a ﬁnite-dimensional ﬁeld extension since [L : K ] = p2. On the other hand, because LP ⊆ K ,
then [K (u) : K ]  p for each u ∈ L. It follows that L is not a simple extension of K . By application
of the Primitive Element Theorem [AR, Theorem 26], there are inﬁnitely many intermediate ﬁelds
between K and L. If S = LT  is the power series ring in an indeterminate T and R = K + XLT ,
then R ⊂ S is an integral extension. Furthermore, S is a ﬁnite R-module and (R : S) = XLT  is
the maximal ideal of R . Whence, [R, S] satisﬁes FCC by Theorem 12, but [R, S] has inﬁnitely many
intermediate rings.
As consequences of Theorem 12, we recover the following corollaries. We present here an analogue
result to Proposition 7, but in the case where R ⊂ S is an integral extension. For convenience, we will
use the symbol LR(M) to denote the length of a module M over R .
Corollary 13. If R ⊂ S is an integral extension of rings, set C = (R : S), then the following assertions are
equivalent:
(i) There is a ﬁnite maximal chain R = R0 ⊂ R1 ⊂ · · · ⊂ Rn = S in [R, S].
(ii) C is the intersection of ﬁnitely many maximal ideals of R and n = LR/C (S/C) − LR/C (R/C).
Proof. (i) ⇒ (ii) According to Theorem 12, C is the intersection of ﬁnitely many maximal ideals
of R and S/C is a ﬁnite R/C-module such that LR/C (S/C) < ∞. As R/C = R0/C ⊂ R1/C ⊂ · · · ⊂
Rn/C = S/C is a ﬁnite maximal chain of R/C-modules between R/C and S/C , then
n = LR/C
(
(S/C)/(R/C)
)= LR/C (S/C) − LR/C (R/C).
(ii) ⇒ (i) As C is the intersection of ﬁnitely many maximal ideals of R , then R/C is a ﬁnite
direct sum of ﬁelds, so R/C is an Artinian ring and LR/C (R/C) < ∞. It follows that LR/C (S/C) =
LR/C (R/C)+n < ∞, and by application of Theorem 12, [R, S] satisﬁes FCC. Therefore, there is a ﬁnite
maximal chain R = R0 ⊂ R1 ⊂ · · · ⊂ Rm = S in [R, S]. But, from we have just proven before, we
necessarily have m = n = LR/C (S/C) − LR/C (R/C). 
The next corollaries continue in the same vein. They are fairly immediate of earlier results.
Corollary 14. If R ⊂ S is an integral extension and [R, S] satisﬁes FCC, then all (ﬁnite) maximal chains be-
tween R and S have the same length equal to LR/C (S/C) − LR/C (R/C).
Corollary 15. Let R ⊂ S be an integral extension of rings such that R is local with maximal ideal m, then the
following assertions are equivalent:
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(ii) There is a ﬁnite maximal chain R = R0 ⊂ R1 ⊂ · · · ⊂ Rn = S in [R, S].
(iii) m = (R : S) and S/m is an (n + 1)-dimensional vector space over R/m.
Let R ⊂ S be an integral extension of rings such that [R, S] satisﬁes FCC. If R is local and integrally
closed in S , then (R, S) is a normal pair, so S is also local with maximal ideal (R : S). However, if R
is not integrally closed in S , then S may not be local.
Example 16. Let S be a semi-local Prüfer ring with quotient ﬁeld Q(X) and n maximal ideals {Mi:
1  i  n} such that S/Mi ∼= Q for each i ∈ {1,2, . . . ,n}. It is easy to build such a ring as the inter-
section of n incomparable valuation overrings Vi = Q[X](X+i) = Q + Mi of the polynomial ring Q[X].
Set I =⋂ni=1 Mi and R = Q + I , then R is local with maximal I . As I ⊆ (R : S) and I is a maximal
ideal of R , then (R : S) = I . Moreover, S/I ∼= Q×Q × · · · ×Q is a ﬁnite-dimensional vector space over
R/I ∼= Q, so S is a ﬁnite R-module. By application of Corollary 15, we conclude that [R, S] satisﬁes
FCC.
4. The general case
A general characterization of [R, S] which satisﬁes FCC merits further considerations. It is essen-
tially based on the transitivity of the ﬁnite chain condition from [R, RS ] and [RS , S] to [R, S]. Before
embarking in this direction, we begin by some useful results concerning localizations.
Lemma 17. If (R, S) is a normal pair of rings and N is a multiplicative set of R, then |Supp(RN , SN )| 
|Supp(R, S)|.
Proof. It is easy to verify that the function
ϕ : Supp(RN , SN) →
{
Q ∈ Supp(R, S), Q ∩ N = ∅}
which assigns to a prime ideal Q ′ of Supp(RN , SN ) its contraction Q ′ ∩ R on R is a bijective corre-
spondence. 
Remark 18. Let R ⊂ S be an extension of rings. If [R, S] satisﬁes FCC, then [RM , SM ] satisﬁes FCC
for every maximal ideal M . But the converse is false. For instance, the pair [Q[X],Q(X)] does not
satisfy FCC since [Q[X],Q(X)] is inﬁnite [Theorem 9]. However, [(Q[X])M ,Q(X)] satisﬁes FCC for
every maximal ideal M of Q[X] since (Q[X])M ⊂ Q(X) is a minimal extension.
The following result provides a partial converse. Notice that the imposed condition (iii) holds when
R is not integrally closed in S .
Proposition 19. Let R ⊂ S be an extension of rings. If
(i) [RM , SM ] satisﬁes FCC for every maximal ideal M of R.
(ii) Supp(RS , S) is ﬁnite.
(iii) (R : RS ) is the intersection of ﬁnitely many maximal ideals of R then [R, S] satisﬁes FCC.
Proof. By assumption, we have C = (R : RS ) =⋂ni=1 Mi , where M1,M2, . . . ,Mn are maximal ideals
of R . Let R = R0 ⊆ R1 ⊆ · · · be an ascending chain of intermediate rings between R and S . If M is
a maximal ideal of R , then RM = (R0)M ⊆ (R1)M ⊆ · · · is an ascending chain of intermediate rings
between RM and SM .
– If M /∈ {Mi: 1  i  n}, then RM = (RS )M ⊆ SM . Since [(RS )M , SM ] satisﬁes FCC, then
Supp((RS )M , SM) is ﬁnite and any ﬁnite maximal chain between (RS )M and SM has length
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|Supp(RS , S)| |Supp((RS )M , SM)|, we have (R j)M = (R j+1)M .
– Now, if M = Mi for some i ∈ {1,2, . . . ,n}, we know by hypothesis that [RMi , SMi ] satisﬁes a.c.c,
so there exists a positive integer ki such that (R j)Mi = (R j+1)Mi = · · · for every j  ki .
Finally, for every j  k = Max(|Supp(RS , S)|, k1,k2, . . . ,kn), and for every maximal ideal M of R ,
we have (R j)M = (R j+1)M . Thus, for every j  k, we have
R j =
⋂
M∈Max(R)
(R j)M =
⋂
M∈Max(R)
(R j+1)M = R j+1.
Whence [R, S] satisﬁes a.c.c. Similarly, one can prove the validity of d.c.c in [R, S]. Hence, [R, S]
satisﬁes FCC as desired. 
Lemma 20. Let R ⊂ S be an integral extension of rings such that there is a ﬁnite maximal chain R =
R0 ⊂ R1 ⊂ · · · ⊂ Rn = S in [R, S]. If R is local with maximal ideal m, then S is semi-local with at most
n + 1 maximal ideals.
Proof. In light of Corollary 15, m = (R : S) and S/m is an (n+ 1)-dimensional vector space over R/m.
If S has more than n + 1 maximal ideals, we can always consider r maximal ideals of S , namely
M1,M2, . . . ,Mr , where r > n + 1, and build an increasing chain
m ⊆ M1M2 · · ·Mr ⊂ M1M2 · · ·Mr−1 ⊂ · · · ⊂ M1M2 ⊂ M1 ⊂ S,
of ideals of S . But this leads to an increasing chain
(0) ⊆ (M1M2 · · ·Mr)/m ⊂ (M1M2 · · ·Mr−1)/m ⊂ · · · ⊂ M1/m ⊂ S/m
of R/m-subspaces of the vector space S/m with at least r terms, a contradiction since S/m is (n+ 1)-
dimensional. 
Recall a needed deﬁnition [AJ]: Let R ⊂ S be an extension of rings. We say that R ⊂ S is a residually
algebraic if, for each prime ideal Q of S and P = Q ∩ R , the extension R/P ⊂ S/Q is an algebraic
extension. The pair of rings (R, S) is said to be residually algebraic if the extension R ⊂ T is residually
algebraic for each intermediate ring T ∈ [R, S].
Residually algebraic pairs are strongly related to normal pairs. [AJ, Remark 2.2 and Theorem 2.10]
revealed the relationship between them:
(R, S) is residually algebraic pair ⇐⇒ (RS S) is a normal pair.
Lemma 21. Let (R, S) be a residually algebraic pair of rings. If E and F are two intermediate rings of [R, S]
such that
(i) E ⊆ F .
(ii) Max(E) = {Q ∩ E: Q ∈ Max(F )}.
(iii) E ∩ RS = F ∩ RS .
Then E = F .
Proof. This result is clear if RS = R . Let us suppose that R ⊂ RS . Set T = E ∩ RS = F ∩ RS . We
claim that (T , F ) is a normal pair, indeed, if z ∈ F is integral over T , then z is integral over R , so
z ∈ F ∩ RS = T . Thus T is integrally closed in F . As (T , F ) is a residually algebraic pair, then (T , F )
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consequence, we obtain
F =
⋂
Q ∈Max(F )
F Q =
⋂
Q ∈Max(F )
EQ ∩E = E. 
Proposition 22. Let R ⊂ S be an extension of rings. Then [R, S] satisﬁes FCC if and only if [R, RS ] and [RS , S]
satisfy FCC.
Proof. It is clear that if [R, S] satisﬁes FCC, then [R, RS ] and [RS , S] satisfy FCC. Let us prove the
converse. Note that there is nothing to prove if RS = R or RS = S , so we will suppose that R ⊂ RS ⊂ S .
Since [RS , S] satisﬁes FCC, then (RS , S) is a normal pair [Theorem 9], so (R, S) is a residually algebraic
pair. In light of Proposition 19, we may suppose that R is local with maximal ideal M . Assume that
both chain conditions a.c.c and d.c.c hold in [R, RS ] and [RS , S], and let E1 ⊆ E2 ⊆ · · · be an ascending
chain of intermediate rings in [R, S]. Using bars to denote integral closure in S , then E1 ⊆ E2 ⊆ · · ·
is an ascending chain of intermediate rings in [RS , S], so Ep = Ep+1 = · · · for some p since [RS , S]
satisﬁes a.c.c. It follows that each Ep+i is integral over Ep and each maximal ideal of Ep+i is the
contraction of a maximal ideal of Ep+i+1 for each i. Therefore, we have
∣∣Max(Ep)∣∣ ∣∣Max(Ep+1)∣∣ · · · ∣∣Max(RS)∣∣,
with the last inequality holding because, by Lemma 20, RS is semi-local and Ep is an overring of RS
[AJ, Theorem 3.10]. Thus, there exists q p such that
∣∣Max(Eq)∣∣= ∣∣Max(Eq+1)∣∣= · · · = n.
That means Max(Ei) = {Mi, j: 1 j  n} and Mi+1, j lies over Mi, j in Ei for every i  q and 1 j  n.
Thus Max(Ei) = {Mi+1, j ∩ Ei: 1 j  n} for every i  q. In the other way, E1 ∩ RS ⊆ E2 ∩ RS ⊆ · · · is
an ascending chain of intermediate rings in [R, RS ]. Because a.c.c holds in [R, RS ], there exists r  q
such that Er ∩ RS = Er+1 ∩ RS = · · · . Finally, by using Lemma 21, we conclude that Er = Er+1 = · · · .
Whence, a.c.c holds in [R, S].
A similar argument shows that d.c.c also holds in [R, S]. We abbreviate here details, let E1 ⊇
E2 ⊇ · · · be a decreasing chain of intermediate rings in [R, S]. Then E1 ⊇ E2 ⊇ · · · is a decreasing
chain of intermediate rings in [RS , S], so Ep = Ep+1 = · · · for some p since [RS , S] satisﬁes d.c.c.
Thus, there exists q p such that
∣∣Max(Eq)∣∣= ∣∣Max(Eq+1)∣∣= · · · = n,
and Max(Ei+1) = {Mi, j ∩ Ei+1: 1 j  n} for every i  q. In the other way, E1 ∩ RS ⊇ E2 ∩ RS ⊇ · · · is
a decreasing chain of intermediate rings in [R, RS ]. Because d.c.c holds in [R, RS ], there exists r  q
such that Er ∩ RS = Er+1 ∩ RS = · · · . Again, by using Lemma 21, we conclude that Er = Er+1 = · · · . 
We are now in position to give our principal characterization of [R, S] which satisﬁes FCC. Indeed,
by combining Theorem 9 and Theorem 12 with Proposition 22, we derive directly:
Theorem 23. Let R ⊂ S be an extension of rings. Then [R, S] satisﬁes FCC if and only if
(i) (RS , S) is a normal pair and Supp(S/RS ) is ﬁnite.
(ii) RS is a ﬁnite R-module.
(iii) (R : RS ) is the intersection of ﬁnitely many maximal ideals of R.
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terization of [R, S] which satisﬁes FCC, in term of ﬁnite maximal chains.
Theorem 24. Let R ⊂ S be an extension of rings. Then [R, S] satisﬁes FCC if and only if there is a ﬁnite maximal
chain R = R0 ⊂ R1 ⊂ · · · ⊂ Rn = S in [R, S] such that one of the Ri is R S .
The following example shows that, if RS does not belong to {R0, R1, . . . , Rn}, then Theorem 24
does not follow. Furthermore, it shows that (FMC) does not imply (FCC) in general.
Example 25. This example is due to Kaplansky [K, Theorem 100]. Let k be a ﬁeld of characteristic 2,
and T = kX, the power series ring in an indeterminate X . Let u ∈ T , K = k(X,u2) and L = k(X,u).
Then D = T ∩ K and DL = T ∩ L are discrete valuation rings with quotient ﬁelds K and L respectively.
Moreover, DL is the integral closure of D in L. It is possible to arrange [L : K ] = 2, by taking X and
u to be algebraically independent over k, in this situation, DL is not a D-ﬁnite module. Let Y be an
indeterminate over L, S = L[Y ], H = K + Y L[Y ] and R = D + Y L[Y ]. As D ⊂ K ⊂ L is a ﬁnite maximal
chain, then R ⊂ H ⊂ S is a ﬁnite maximal chain in [R, S]. In the other way, note that RS = DL +Y L[Y ]
is the integral closure of R in S . As DL is not a ﬁnite D-module, then RS is not a R-ﬁnitely generated
module. It follows that [R, S] does not satisﬁes FCC [Theorem 23].
If S = K is a ﬁeld and [R, K ] satisﬁes FCC, then K is the quotient ﬁeld of R . Therefore Supp(K/R)
is exactly Spec(R) − {0}, and R is a Prüfer ring [AJ, Corollary 2.8]. By application of Theorem 23, we
get a characterization of [R, S] which satisﬁes FCC, when the second coordinate S is a ﬁeld.
Corollary 26. Let R ⊂ K be an extension of rings, where K is a ﬁeld. Then [R, K ] satisﬁes FCC if and only if
(i) K is the quotient ﬁeld of R.
(ii) R is a Prüfer ring with ﬁnite spectrum.
(iii) (R : R) is the intersection of some maximal ideals of R.
(iv) R is a ﬁnite R-module.
Notice that [G2, Theorem 2.7] has already given a characterization of FC-domains similar to Corol-
lary 26, but the condition (iii′) is stated instead of the condition (iii), where
(iii′) The Jacobson ideal J (R) of R is an ideal of R .
In fact, if R has a ﬁnite maximal spectrum, then (iii) and (iii′) are equivalent. The following lemma
explains this fact.
Lemma 27. Let R be a semi-local domain and S be a proper overring of R. Then J (R) is an ideal of S if and
only if (R : S) is the intersection of some maximal ideals of R.
Proof. It is clear that, if (R : S) is the intersection of some maximal ideals of R , then J (R) ⊆
(R : S), so J (R) is a common ideal of R and S . Conversely, suppose that J (R) is an ideal of S and let
Max(R) = {M1,M2, . . . ,Mn} be the set of maximal ideals of R . We have
(R : S) =
n⋂
i=1
(RMi : SMi ) ∩ R.
Set N = R − M j for a ﬁxed j ∈ {1,2, . . . ,n}, then we have the obvious inclusions:
N−1 J (R) =
n⋂
N−1Mi = M jRM j ⊆ N−1(R : S) ⊆ (R : S)RM j ⊆ (RM j : SM j ).
i=1
3122 A. Ayache / Journal of Algebra 323 (2010) 3111–3123Thus (RM j : SM j ) = RM j or (RM j : SM j ) = M jRM j . If J is the set of all 1  j  n for which
(RM j : SM j ) = M jRM j , then J = ∅. Indeed, if J is empty, we get
(R : S) =
n⋂
i=1
(RMi : SMi ) ∩ R =
n⋂
i=1
RMi ∩ R = R,
but this leads to the contradiction R = S . Hence
(R : S) =
n⋂
i=1
(RMi : SMi ) ∩ R =
⋂
i∈ J
Mi RMi ∩ R =
⋂
i∈ J
Mi . 
Pullback construction is a useful tool for providing examples and counter-examples. The following
result explores the ﬁnite chain condition on pullback rings.
Corollary 28. Let S be an integral domain, M a maximal ideal of S, D a subring of the residue ﬁeld L = S/M
and R = ϕ−1(D) the inverse image of D by the canonical epimorphism ϕ : S → L.
(1) If D is a ﬁeld, then [R, S] satisﬁes FCC if and only if [D : L] < ∞.
(2) If D is not a ﬁeld, then [R, S] satisﬁes FCC if and only if
(i) L is the quotient ﬁeld of D.
(ii) D is a ﬁnite D-module.
(iii) (D : D) is the intersection of maximal ideals of D.
(iv) D is a Prüfer ring with ﬁnite spectrum.
The next application treats the case where R is Noetherian.
Proposition 29. Let R be a Noetherian ring and R ⊂ S be an extension of rings. Then [R, S] satisﬁes FCC if and
only if
(i) RS has a ﬁnite number of height-one maximal ideals M such MS = S.
(ii) (R : RS ) is the intersection of ﬁnitely many maximal ideals of R.
(iii) (RS , S) is a normal pair.
Proof. Note ﬁrst that, if (R : RS ) = 0, then pick a nonzero element x ∈ (R : RS ), we get RS ⊆ 1x R . As
R is Noetherian, then RS is a ﬁnite R-module and RS is Noetherian. Therefore, according to Theo-
rem 23, to prove the requested equivalence, it remains to show that Supp(S/RS ) is exactly the set
of maximal ideals M of RS such that htRS (M) = 1 and MS = S . But this follows easily if we can
show that every prime ideal Q of Supp(S/RS ) is of height 1. Let Q ∈ Supp(S/RS ). The extension
((RS )Q , SQ ) is a normal pair, so it is a Noetherian pair [AJ, Proposition 4.7]. If htRS (Q )  2, then
(RS )Q = SQ [W, Theorem 9]. Hence, Q = Q (RS )Q ∩ RS = (Q S)SQ ∩ RS , a contradiction since by
assumption Q S = S . 
If R is Noetherian, then R is a Krull domain [N, Theorem 33.10]. If, in addition, R is an FC-domain,
then R is a Prüfer domain, so R is a Dedekind domain [G1, Theorem 43.16]. We can then deduce,
a characterization of FC-domains in the Noetherian case:
Corollary 30. A Noetherian ring R is an FC-domain if and only if
(i) (R : R) is the intersection of maximal ideals of R.
(ii) R is a semi-local principal ideal domain.
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